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ABSTRACT  

This paper extends our 2021 KBR Technical Journal findings on local resolution imagery characteristics in the face of  
atmospheric turbulence [1] to the applied case of turbulence mitigation. Herein, a block-based, streaming, multi-frame 
blind deconvolution (MFBD) mitigation method is presented for restoration of imagery impacted by space-variant 
atmospheric turbulence. An incremental approach is taken, referred to as “streaming”, which operates on each new frame 
as it arrives. For each new frame, an optimization is initiated to minimize the error between the new frame and forward 
modeling of the object and point spread function (PSF). To adapt to space-variant turbulence conditions, the fundamental 
units of operation are small, overlapping blocks of pixels extracted from the entire frame. The optimization for each new 
block is seeded using the solution from the same block area in the previous frame to produce a cumulative, improved, 
block solution. For each block, the algorithm implements stochastic gradient descent, and alternates between seeking a 
solution for the PSF and the object, while holding the other constant. To assist in regularizing the PSF solutions during the 
processing, the PSF estimate is projected onto a sparse dictionary representation of PSFs. The block solutions are combined 
using an overlap/add method to produce the object estimate after each frame. Our method can utilize either a Picard 
iterative process or a limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm with bound constraints. A 
comparison of results is presented using data simulated with high-fidelity to real systems and environments. While 
incremental methods for blind deconvolution have been reported in the literature, our method has been developed explicitly 
for the routine mechanics of blind deconvolution.   

Keywords: atmospheric turbulence, blind deconvolution, block-based image processing, L-BFGS, stochastic gradient 
descent 
 

1. INTRODUCTION  
Image acquisition through optical paths in the 
atmosphere encounters the macro- and 
microstructure of the atmospheric medium. 
This structure consists of large-scale variations 
in the density, moisture, temperature, and 
motion of atmospheric constituents, as 
illustrated in Figure 1. The result of these large- 
and small-scale atmospheric variations is 
corresponding variations in the index of 
refraction along an optical path in the 
atmosphere. A plane wave launched into the 
atmosphere has its flat, planar structure altered 
into a surface of complex and unpredictable 
contours. This distortion and its effect on the 
formation of an image by an optical system can 
be severe, yet common optical design 
assumptions develop the structure of optical reflections and refractions on the basis of a plane-wave entering the pupil of 
the optical device. In reality, the distorted wavefront results in the formation of an image that significantly misrepresents 
the scene that was the source of the original optical information [2]. 

The desire to overcome the problems of imaging through a turbulent atmosphere has led to two general approaches for 
mitigating these problems, optical-mechanical and algorithmic. Optical-mechanical methods are the realm of adaptive 
optics, which merges optical wavefront sensing with mechanical distortion of mirror surfaces to correct the distortions in 

 
Figure 1: The Index of Refraction along an optical path to varies due to air 
density, moisture, temperature, and motion of atmospheric constituents, resulting 
in spatially variant distortions. 



 
 

 
 

the wavefront [3]. Algorithmic methods rely on the recording of the image in the focal plane of the optical system and the 
correction of the image formation distortions by computer processing of the focal plane data. The most successful of these 
methods for mitigating the effects of turbulence by computer processing are blind deconvolution techniques, which do not 
require knowledge of the instantaneous PSF that is present in the degradation of an image frame acquired by short image 
exposure times [4] [5] [6] [7].  

Two important themes are found in blind deconvolution techniques: (1) the application of various mathematical models 
for the properties of the atmospheric turbulence mechanisms associated with the formation and acquisition of degraded 
imagery; and (2) the formulation of the blind deconvolution solution as an optimization problem. An example of the degree 
of sophistication associated with these methods is the modeling of atmospheric turbulence in the entrance pupil of an 
optical system by phase screens, using Zernike polynomials as basis functions [6]. In these methods, the optimization 
problem searches the space of Zernike polynomial coefficients, which are assumed (for a circular aperture) to describe the 
distortion of the wavefront entering the pupil plane of the optical system. Methods of this type are characterized as “blind” 
deconvolution because there is no known description for either the object or the PSF of the image formation process. Thus, 
the space of unknowns consists of the possible pixel intensities of the object and the Zernike representation coefficients of 
the PSF. The search for a solution is guided by embedding the unknowns associated with the PSF and object into a merit 
or error function, and the minimization of this merit function is achieved by an appropriate numerical method. 

One of the most significant developments in signal processing in the last two decades is the development of compressive 
sensing. Compressive sensing technology has resulted in concurrent development and application of sparse, redundant, 
and over-complete representations of data and systems [8]. The core of these methods is the application of signal models 
that are more general than the orthogonal functions exemplified by the sine/cosine bases of Fourier theory. For example, 
the Wavelet Transform is more adaptive to specific characteristics of the data and is now known to have the characteristics 
of inducing sparsity that is very specifically “tuned” to the actual behavior of the data. Advances in image compression 
such as JPEG2000 exploit this property of the Wavelet Transform to achieve higher fidelity at lower compressed file sizes 
than previous techniques. 

An important application of sparse methods is the construction of dictionaries as collections of basis functions to compose 
(i.e., synthesize or analyze) any arbitrary function. A number of studies have shown that the data being analyzed and 
processed by sparse representations can be used to construct custom dictionaries that are tuned to, and optimal for, a chosen 
task (see e.g., [9] [10]). The use of a custom dictionary has been applied to the problem of blind deconvolution, but only 
initially was done in the case of making the optimal dictionary from a single frame of imagery [9]. In many applications 
of atmospheric turbulence imaging it is possible to acquire many, even a large number, of image frames [11] [12] [13]. 
Our focus in this research is the application of sparse signal representation methods to multi-frame-blind deconvolution 
(MFBD), given anisoplanatic turbulent imaging conditions. This extends earlier work in this area for the isoplanatic 
imaging case [14]. In Ref. [1], the authors showed that resolution varies with focal plane position when imaging through 
turbulence, and presented a statistical analysis of the resolution as a function of telescope diameter and Fried parameter. 
These results extend earlier work, by Fried, and provide the motivation for pursuing a block-based approach herein. The 
following sections describe and demonstrate methods for using atmospheric PSFs to derive custom dictionaries, and to use 
those dictionaries for MFBD. 

2. ASSUMPTIONS, METHODS AND PROCEDURES 
2.1 Assumptions 

The developments we report here, for modeling and processing of atmospheric turbulence imagery, are based on the 
following assumptions: 

• Image formation through atmospheric turbulence may be modeled as a linear shift-variant system, i.e., as the 
effect of convolution of optical intensities emitted from an object using an atmospheric PSF which varies across 
the focal plane. Stated succinctly, we assume image formation is anisoplanatic. 

• The turbulence PSF can be described by a sparse representation using a dictionary. 

• The representation is said to be sparse because the number of 𝑁𝑁 × 𝑁𝑁 basis functions, k, used to represent the 
𝑁𝑁 × 𝑁𝑁 PSF satisfies 𝑘𝑘 ≪ 𝑁𝑁2. 



 
 

 
 

• It is desirable that the basis used in seeking a sparse representation be over-complete, i.e., that there be redundancy 
in the basis set used to find the sparse representation of a signal, but this is not a requirement for the sparse 
representations sought hereafter. 

• The basis set is designed so that it is “tuned” to the characteristics of a given data set by training on sample PSFs. 
We also call this a custom dictionary for the data set. 

2.2 Methods 

The methods of sparse representation of signals grow from both linear algebra and numerical optimization. The specific 
methods that we have employed in this research are described in Ref. [9]. The methods we have most significantly 
employed in the development of our sparse MFBD and PSF modeling are: 

• K-SVD. One of the most effective of tools for designing a custom dictionary is the K-SVD algorithm [10]. This 
algorithm is a combination of K-Means clustering and the Singular Value Decomposition (SVD). The clustering 
portion of the K-SVD algorithm finds a sparse representation of the training data by clustering the data, and the 
SVD portion then updates a dictionary matrix from the most significant cluster to the least significant cluster.  

• Orthogonal Matching Pursuit (OMP). The representation of a signal in terms of a dictionary can be difficult when 
the dictionary is over-complete and the representation redundant. OMP is an algorithm that extracts the best 
representation from a dictionary, calculating the coefficients that minimize the mean-square error in the 
representation of the signal in terms of the dictionary elements. This process can be applied to the case in which 
the dictionary is not over-complete, as well. 

• Constrained Optimization. The problem of optimization in the case of blind deconvolution is not straightforward 
and must be based on optimization methods that impose constraints on the solution to enforce physical reality, 
e.g., positivity. We have used two constrained optimization methods in our development of blind deconvolution, 
a stochastic gradient descent method adapted from Ref. [15] and the well-known algorithm of Broyden-Fletcher-
Goldfarb-Shanno (BFGS) [16], as implemented in the limited memory form.  

• Non-rigid image registration. Atmospheric turbulence can cause local geometric distortions in the image frames 
when severe enough. Recent work has shown the value of including a preprocessing step to correct these 
distortions prior to the MFBD process [12] [13]. In this work, a diffeomorphic algorithm is applied for this 
purpose [17]. 

2.3 Procedures 

To construct a custom dictionary of PSFs, it was necessary to have a training set of PSFs to submit to the K-SVD algorithm. 
This was done using a well-known wave propagation-based simulation software [18]. The simulation parameters are 
shown in Table 1 and Table 2. The 𝐶𝐶𝑛𝑛2 value was chosen to model a medium strength atmospheric turbulence. It should be 
noted that this initial level of turbulence was a deliberate choice, so that concerns in developing the related MFBD 
algorithm would not be masked or conflated with extremely difficult turbulence conditions.  

PSFs produced by the simulator were used as input to the K-SVD algorithm for the training of a custom dictionary. The 
parameters of the training were that each dictionary element was of the same size as the PSF images. Thus, the PSFs were 
processed without the using the block-overlap-and-add method that is common in K-SVD training. Figure 2 is a display 
of one custom dictionary obtained by this procedure. The OMP algorithm was used to construct the representation.  



 
 

 
 

 
Figure 2. Custom dictionary derived using K-SVD and trained on simulated PSFs; Left: 51X51 atoms; contains 256 atoms 
of size 51X51; a similar one was derived for 65x65 PSFs. 

Having derived a custom dictionary from the atmospheric PSFs, the next challenge was to accomplish MFBD with sparsity 
in the PSFs of the blind deconvolution algorithm. The value of performing blind deconvolution with multiple frames of 
imagery is to accumulate multiple observations of the underlying object, which is assumed to not change from frame to 
frame. However, there is a difficulty in using multiple frames; namely, the computational burden of processing many 
frames in simultaneous operations. The alternative to doing MFBD with all variables and data values, simultaneously, is 
to devise a way to use the information in one frame for an interim solution, then use the information in the next frame to 
compute a new interim solution, and continue until all frames have been processed. The cycle of processing frames in 
sequence, rather than in one big batch, was initially referred to as incremental MFBD [11]. The same concept was later 
re-named as online MFBD [15], since the processing may occur as each new frame is acquired and is suitable for 
processing MFBD solutions as the data arrives online, in real-time. We have adopted herein the description of “streaming” 
for the incremental methods that we first reported [11], in keeping with the most recent dominant terminology for on-line 
processes that deliver image data sets one frame at-a-time.  

The online procedure of [15] was adapted to demonstrate the application of MFBD with a sparse custom dictionary. As an 
alternative to this method, the BFGS algorithm in its limited memory form with bounds (L-BFGS-B) was also used [16]. 
In either instantiation, the online procedure consists of cycles of “outer-loop” processing on each image block, and a 
sequence of “inner-loop” steps within each outer-loop processing of a frame. Because of the anisotropic nature of image 
formation in deep turbulence, and the corresponding variability of resolution on the focal plane [1], the overall process is 
adapted and applied to sequences of blocks extracted from the input frames. The size of the blocks is chosen so that one 
can assert that image formation in that local region of the focal plane is approximately isotropic.  

The first step in the outer loop of processing accepts a new input frame and performs a global, non-rigid, geometric 
registration to remove local image warping that occurs due to local wavefront tip/tilt effects. The well-established 
MATLAB function imregdemons was chosen for this step [17]. A reference frame, derived from averaging several input 
frames, is maintained throughout the process to support the registration of each new frame. After registration, the new 
frame is broken down into contiguous blocks. Each block with a surrounding overlap region is extracted from the frame. 
In this work, the combination of block and overlap is referred to as a computational patch. 

As each new computational patch is received, the sequence of inner-loop steps applied consists of: 

• An initial guess for the object computational patch is fixed using the computational patch data from the first 
frame. (After the first frame, the object computational patch estimate produced by the previous inner loop iteration 



 
 

 
 

is carried forward.) An initial guess for the PSF is also fixed as a Gaussian function with width equal to an estimate 
of the time averaged PSF for a typical turbulent atmosphere condition. 

• With the object computational patch fixed, a series of iterations are performed to successively refine the estimate 
of the PSF for that patch. These iterations project changes onto the estimate of the PSF, chosen to follow the 
stochastic gradient of the data consistency criterion [15] or the analytical gradient used by L-BFGS-B. 

• At one or more points between adjustments to the PSF estimate, the PSF estimate at that point is represented 
sparsely with the custom dictionary created earlier. This serves to suppress aspects of the PSF estimate that are 
not consistent with signal properties learned during dictionary training. 

• After several adjustments to the current PSF estimate, the PSF is fixed and a corresponding series of changes is 
made to the object computational patch estimate using either the algorithm of Ref. [15] or BFGS. The deliberate 
act of taking an estimate of the PSF, and then restructuring it to be sparse in the representation of the custom 
dictionary, is the procedure by which we have chosen to produce MFBD with sparse properties for the PSFs. 

• The cycling in this manner continues until either a stopping criterion or a pre-defined total number of iterations 
is satisfied. 

• This completes the inner loop cycling iterations on one computational patch. A new step begins in the outer-loop 
by extracting the corresponding patch from a new frame. The inner loop cycling of this new patch begins with 
the object estimate carried over from the previous frame, and a PSF estimate is generated as described above. 

• Cycling now continues, as before, until all computational patches from all frames have been processed. At this 
point, a final object estimate is formed by extracting the contiguous blocks from the object computational patch 
estimates and reassembling them into a mosaic image. The implementation includes several options for smoothing 
at the block boundaries.  

• It is possible to terminate or resume operations with the results from the previous full outer loop cycle. 

The imposition of the sparse properties for the PSF was associated with substantial reduction in the error in MFBD 
reconstruction of an object. Dictionary processing is not used during adjustment of the object at the present time, although 
it could be of value for denoising or suppressing artifacts in the object estimate [14] [19].  

Table 1. Simulation Parameters (Optical) 

Parameter Value 

Aperture (m) 0.3556 

Focal length (m) 3.9100 

F-number 10.9955 

Wavelength (microns) 7.8500e-07 

Object distance (m) 2450 

Nyquist pixel spacing (microns) 4.3157 

Cutoff frequency (cycles/mm) 115.86 

Table 2. Simulation Parameters (Turbulence) 

Parameter Value 

𝑪𝑪𝒏𝒏𝟐𝟐 (𝒎𝒎−𝟐𝟐 𝟑𝟑⁄ ) 2.0000e-15 

Theoretical 𝒓𝒓𝟎𝟎 (m) 0.0959 

Isoplanatic angle (pixels) 11.1458 

RMS tilt (pixels) 2.5440 



 
 

 
 

3. RESULTS AND DISCUSSION 
The representation of a turbulent atmosphere PSF in a sparse form is not a surprise, when considered in the context of the 
state-of-art in simulation turbulent PSFs. The ability of existing software to represent and simulate turbulent PSFs with 
the Zernike polynomial expansion is demonstration of a sparse representation. Experimental evidence in this area has 
shown that the greatest amount of wavefront distortion occurs in the lowest order of the Zernike polynomial coefficients, 
i.e., piston error (focus) and wavefront tip-tilt [20]. The advantage of the use of a custom dictionary is that the basis 
functions used in the dictionary are not derived from generic functions, such as the discrete cosine transform or the various 
wavelets, but are directly compiled from the statistics of a set of PSFs. This means that the custom dictionary has properties 
that relate more closely to actual statistical models of a family of turbulent PSFs and can be used to represent, with great 
accuracy, any other PSF possessing the same turbulent statistics. 

The streaming MFBD algorithm described above was tested by using a set of simulated imagery. The level of turbulence 
is significant in this simulation and produces significant local geometric distortion due to wavefront tip/tilt. The left side 
of Figure 3 shows examples of the PSFs generated by the wave propagation code where the value of D/r0 is approximately 
3.7. A spatio-temporal average of 10,000 PSFs was used to compute an estimate of the long-term optical transfer function 
(OTF). This estimate is shown alongside the theoretical diffraction limited OTF in the right side of Figure 3. PSFs across 
the focal plane are not statistically independent, and this shows up in the extended tail seen in this plot.  

To test restoration performance of the MFBD algorithm, an image of a harbor scene was processed using the wave 
propagation-based turbulence simulator to generate sequences of degraded image frames. The streaming algorithm was 
then cycled as described above using the custom dictionary. In seeking to characterize the differences in algorithmic 
optimization performance, noise has not been included in these simulations.  

The important parameters governing the MFBD process are shown in Table 3. In the table, “Algorithm 1” refers to the 
algorithm of Ref. [15], while “Algorithm 2” refers to MFBD using L-BFGS-B. 

   

 
   

Figure 3. At left, six sample PSFs produced by the wave propagation simulator of Ref. [18]. At right, a comparison of the 
OTF estimate produced by spatio-temporal averaging of 10,000 simulated PSFs over several frames and the diffraction-
limited OTF. 



 
 

 
 

Table 3. Main processing parameters for the MFBD algorithm 

Parameter Algorithm 1 Algorithm 2 

Overlap 51 72 

Block size 16 16 

PSF size 51 65 

Iterations (PSF) 500 250 

Iterations (Object) 5 3 

OMP coefficients1 24 24 

Sparsity interval2 400 200 

Noise None None 
1 “OMP coefficients” refers to the number of 
dictionary coefficients solved for by OMP in the 
sparse representation. 
2 “Sparsity interval” refers to how often a sparse 
representation is sought during the PSF updates, 
e.g., for a setting of 400, only once at iteration 400 if 
the total Iterations (PSF) is 500. 

 

Given a block size of 16X16, the resulting computational patch size is 118X118 for an overlap of 51 and is 160X160 for 
the overlap of 72, used in the L-BFGS-B case. The overlap was chosen to be at least as large as the PSF size to include 
enough image data to avoid padding issues. Many different combinations of the above parameters have been explored in 
a wide-ranging parameter study. We observed that the algorithm of Ref. [15] can accept more frequent sparsity processing 
without disrupting convergence, whereas the L-BFGS-B algorithm can exhibit divergence if the frequency of sparsity 
processing is too high. The two algorithms have different sensitivities to the above parameters, and these parameter sets 
were chosen from among the “best cases” from the parameter study.  

Figure 4 shows the result of reconstructing these images with MFBD Algorithm 1. The left is the original object, the center 
is the raw, unprocessed 10th frame, and the right is the reconstruction after frame 10 using the algorithm of Ref. [15]. The 
scene is recognizable, although there is significant loss of detail and small structure in the turbulent imagery. Figure 5 
shows a similar result for MFBD Algorithm 2. The restored image in each case is clearly an improvement and much of 
the degradation caused by the turbulence has been mitigated. Because of the large number of cases in the parameter study, 
the processing was limited to 10 frames. Processing more frames should serve to improve the results further. 

   

Figure 4. Results for Algorithm 1 using the parameters in Table 3 after 10 frames: (left) the reference object; (center) the unprocessed 
10th frame; and (right) the restored image (cropped to eliminate border effects produced by the global registration processing) 



 
 

 
 

 

   

Figure 5. Results for Algorithm 2 using the parameters in Table 3 after 10 frames: (left) the reference object; (center) the unprocessed 
10th frame; and (right) the restored image (cropped to eliminate border effects produced by the global registration processing) 

Since visual comparisons are sometimes deceiving (human perception is simultaneously very forgiving of some 
characteristics and unduly harsh about others), Table 4 summarizes the result of calculating image quality metrics from 
the results of the MFBD processing. The following four metrics are included in the table: 

• IMMSE: image mean-square error 

• PSNR: peak signal-to-noise ratio 

• SSIM: structural similarity index measure 

• MS-SSIM: multiscale structural similarity index measure 

All of these are available and documented as part of the MATLAB Image Processing Toolbox. For all but IMMSE, larger 
values are preferred, with SSIM and MS-SSIM being confined to the interval [0,1]. 

The first row in the table shows the metrics computed using 200 raw unprocessed frames, with 2𝜎𝜎 bounds. The second 
row shows the quantitative benefits of the global registration process over the same 200 frames, again with 2𝜎𝜎 bounds. 
The remaining four rows show the values resulting from running the algorithms using the parameters from Table 3. MFBD 
results are shown first without the dictionary applied and compared to results with one sparse dictionary call for each 
algorithm. These results support the assertion that incorporating the dictionary sparse representation in the MFBD process 
offers both qualitative and quantitative improvements. 

Table 4. Image quality metrics for 10 input frames (best case in bold face) 

Mitigation IMMSE PSNR SSIM MS-SSIM 

Raw 0.0308 ± 0.0183 15.2914 ± 2.4357 0.3987 ± 0.1915 0.6004 ± 0.2749 

Registered 0.0172 ± 0.0038 17.6680 ± 0.9247 0.5799 ± 0.0745 0.7970 ± 0.0584 

Algorithm 1 0.0091 20.4100 0.7588 0.9151 

Algorithm 1 - Sparse 0.0076 21.1950 0.7890 0.9374 

Algorithm 2 0.0096     20.1610 0.7439  0.9072 

Algorithm 2 - Sparse 0.0082 20.8540 0.7770 0.9275 



 
 

 
 

4. SUMMARY 
The advantage of sparse representations has been demonstrated repeatedly in signal processing during the past decade. 
The application sparse dictionary representations is also valid for the problems of atmospheric turbulence and MFBD. We 
find that: 

• Custom dictionaries of PSFs, derived using K-SVD, can be used in the development of MFBD algorithms, 
including incremental or online algorithms applicable to the solution of image frames acquired in real time. The 
only limitation to real time application is the available computation power to keep pace with the incoming image 
data rate. 

• Sparsity in the reconstruction process is a valuable contribution to producing an improved result for MFBD. 
Based on these limited results, we speculate, but have not proven, that the improvement is due to the optimization 
process having fewer opportunities for error, because the custom dictionary is better matched to the statistics of 
the turbulent PSFs that produced the imagery. 

• Block-based MFBD processing is an effective means of dealing with the anisotropic blur, and the variability of 
resolution on the focal plane, introduced by deep turbulence. 

• The differences in quality produced by the algorithm of Ref. [15] and L-BFGS-B are small, and further effort is 
needed to find optimal parameter settings for each of them. We can draw no conclusion at this point as to which 
is better. 

Future work will be focused on understanding the performance of our mitigation approach in the presence of noise and 
computationally efficient implementations using parallel architectures.  
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